Continuum Theory for Lumping

Nonlinear Reactions

A lumping procedure is proposed for continuous reaction mixtures
whose components undergo nonlinear reactions. A species-type distri-
bution function is introduced to ensure that the /umped continuous mix-
ture is kinetically consistent with the underlying lumped discrete mix-
ture. It is shown that, if the mixture contains some virtually unreactive
species, the lump after a long time will react at a second-order rate.
This is true as long as the underlying uniumped reactions are irrevers-
ible nth-order with 7 < 2 or reversible first order. When many first-order
reversible reactions are lumped together, the apparent behavior of the
lump can qualitatively ook like that of a reversible reaction. Practical
implications of these predictions are discussed. Some published data

M. Y. Chouand T. C. Ho
Corporate Research Laboratories
Exxon Research and Engineering Co.
Annandale, NJ 08801

are reconciled in light of the present theoretical development.

Introduction

In catalytic or thermal processing of complex hydrocarbon
mixtures (e.g., petroleum feedstocks, coal liquids, and the like),
the reaction involves an indefinitely large number of species, the
analysis of which is costly or near impossible. As a result, in ana-
lyzing the kinetic data one almost always has to lump chemi-
cally similar species together and treat the lump as a pseudospe-
cies. For example, in hydrodenitrogenation (HDN) the
disappearance rate of total nitrogen is measured, rather than
that of the individual nitrogen compounds.

Due to its practical importance, the development of kineti-
cally consistent theories for lumping a large number of reactions
has long been the subject of many investigations (Weekman,
1979, and the references therein; Coxson and Bischoff, 1987). A
mathematically expedient approach has been to approximate
the inherently discrete system by a continuum (DeDonder,
1931; Aris and Gavalas, 1966). Kinetic lumping in this case is
done via integration, instead of summation. The advantage is
that problems represented by integrals are in many cases more
tractable. For a first-order reaction mixture, Aris (1968) has
shown that the effect of a continuous concentration-reactivity
spectrum is to give a higher reaction order for the disappearance
of the lump. In particular, if the spectrum could be represented
by an exponential distribution, the overall order would be two.
Krambeck (1984) has further shown that if a first-order reac-
tion mixture contains some virtually unconvertible reactants,
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the lump after a long time would disappear at a second-order
rate for any arbitrary concentration-reactivity spectrum. Al-
though these predictions are made for certain special circum-
stances, it is remarkable to note that second-order kinetics are
quite common in petroleum processing (Ho, 1988; Venuto and
Habib, 1978).

An important assumption in Aris’s (1968) and Krambeck’s
(1984) treatments is that the individual reactions are first order
and irreversible. While this assumption is not particularly
restrictive, it is highly desirable to be able to generalize their
treatments to nonlinear reaction mixtures because such mix-
tures do arise in practice (e.g., in HDN; see Ho, 1988). Conceiv-
ably, the nonlinear problem is more involved. Indeed, Ho and
Aris (1987) have shown that a straightforward extention of
prior treatments to nonlinear kinetics results in obvious inconsis-
tencies.

In this study we propose a lumping procedure for continuous
reaction mixtures whose components can undergo nonlinear
reactions. For ease of discussion, we first describe the difficulties
of using conventional procedure for lumping nonlinear kinetics.
We then propose a procedure that overcomes these difficulties.
The key to the procedure is the introduction of a species-type
distribution function which ensures that the lumped continuous
mixture is kinetically consistent with the underlying lumped dis-
crete mixture. To illustrate the use of the procedure, we consider
several lumping problems of practical interest. We show that the
long-time asymptotic analysis of Krambeck (1984) can be car-
ried over to irreversible nth-order reactions with n < 2 as well as
to reversible first-order reactions. Also, we extend Aris’s (1968)
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all-time analysis to reversible reaction mixtures. Specifically, we
show that when many reversible first-order reactions are lumped
together, the apparent behavier of the lump can look like that of
a reversible reaction. Next we discuss practical implications of
these theoretical results. Some experimental observations are
reconciled in light of the present development. The final section
describes a more general treatment of the nonlinear lumping
problem, in an attempt to put our procedure in broader perspec-
tive with conventional procedure.

Preliminaries: Lumping in a Discrete Mixture

Consider an isothermal closed system containing a total of N

different types of reactants, each of which reacts irreversibly at

. an nth-order rate. To describe this system, we write the follow-
ing very large set of mass balance equations (V is very large):

9 per 1,2,....N
- = —K;C;, 1 =1,4, .y .
dt A |
t=0, ¢ = ¢;(0) (1)

where ¢;(t) is the concentration of the i-type reactant with a rate
constant k;. In many practical situations, the reaction order n
can be assumed to be constant for all species. In this case, the
only kinetic parameter that is species dependent is k;. Hence, we
are dealing with a one-parameter system. The treatment of mul-
tiparameter systems is discussed in later sections.

Obviously, here the different types of reactants are distin-
guished by i. For a given reactant of type i, we are interested in
its reactivity k; and concentration ¢;. Take HDN as an example.
It is often reasonable to assume that commercial feedstocks of
comparable boiling range generally have the same nitrogen
compound types (e.g., quinolines, benzoquinolines, hydroquino-
lines). They differ only in the concentrations of the individual
compound types. The intrinsic HDN reactivities of various
nitrogen compounds can be determined via reaction studies
using “synthetic feeds” containing one or more “model” com-
pounds (Ho, 1988).

In principle one can construct a “feed specification diagram”
shown in Figure 1 where i is chosen as the basic variable. This
choice is reasonable because, experimentally, there is no point to
measure k; or ¢; until the reactant types are identified. Note that
in Figure 1 we have, without loss of generality, arranged the
sequence of J in such a way that k; > k; for i > j. (We shall dis-
cuss the assumption of k; # k; for i # jin the final section.) The
most important point we wish to convey here is that the relation-
ship between k; and i is almost invariably nonlinear in practice.
Mechanistically, a plot like Figure 1 is quite useful in that one
may be able to relate / to a unifying structural parameter (e.g.,
reasonance energy, basicity, and molecular weight) and thereby
establishes a correlation between molecular structure and reac-
tivity.

Let C(¢) be the concentration of the reactant lump at any
time z, we then have

C(t) = 3_edn)

i=1

(2)

That is, the lump is contributed by Eq. 1 the individual concen-
trations and Eq. 2 the number of reactant types. While this
seems to be a trivial point, its importance will become apparent
in our later development of a continuum analog of Eq. 2.

1520 September 1988

Figure 1. Feed specification diagram showing that a dis-
crete mixture is characterized by three proper-
ties: /, k;and c,.

It should be emphasized that a real mixture is always discrete.
In the next two sections we address the question of how to lump
reactions in a continuous mixture while preserving all the prop-
erties of the underlying discrete mixture. We first describe the
difficulties of conventional lumping procedure.

Lumping in a Continuous Mixture: Conventional
Procedure

When N is sufficiently large, one may treat k as a continuous
variable and use it to designate the individual species. For the
moment let us suppose that we can approximate Eq. 2 by an
integral of the form

co~ [ * e(k, 1) dk 3)

in which & and k are the upper and lower limits of k for the mix-
ture in question, respectively. The integrand g is yet to be deter-
mined. An inspection of Eq. 3 indicates that the reactant con-
centration can be defined only for an interval of k; that is, the
product g(k, t)dk is the total concentration of species with rate
constants between k and k + dk. And g(k, ) necessarily needs
to be interpreted as a concentration distribution function.

Note that N approaches infinity does not necessarily imply
k — . But one may reasonably assume the difference between
k and k becomes larger as N increases. For mathematical conve-
nience, it is customary to estimate Eq. 3 by taking k — 0 and
k — o (Aris, 1968; Hutchinson and Luss, 1970). We then have

cw ~ [ gtk, 1) dk @)
0

As in the above equation, we shall use the symbol ~ in our subse-
quent developments as a reminder of the approximate nature of
the continuum description. Of course, we must assume that
g(k, ) is of such a form that the integral in Eq. 4 exists and is
finite. Equation 4 will be referred to as the conventional lumping
procedure.

To determine g, one needs to impose some compatibility
requirements which are based on our basic premise that the con-
tinuous mixture must be kinetically consistent with the underly-
ing discrete mixture. In light of Eq. 1, one may be led to write

the following conservation equation for the differential lump
gk, 1)dk (= dC)

dlglk, t)dk] _

7 —k[g(k, t)dk]"

(%)
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This equation, however, is meaningless except n = 1, in which
case the terms dk divide out. This is not surprising because g
{k, t)dk itself is a lump. The analogous situation in the discrete
case is that (Z¢,)" = Zc¢} only when n = 1.

Alternatively, the foregoing may be discussed in terms of
what Ho and Aris (1987) called the “single-component identi-
ty” which says that if the mixture has only one component of
reactivity k¥, then the kinetic behavior of the lump must degen-
erate to that of a single component of reactivity k*. With Eq. 4
this compatibility requirement is met only when n = 1 (Ho and
Aris, 1987).

It is tempting to think of circumventing the above difficulty
by modifying the reaction constitutive equation (Krambeck,
1988). For example, one may propose a new power law Kinetics
of the following form

rate = kc(k, 0)' " c(k, t)" 6)
Equation 5 then becomes

dlgdk] _

’ —klg(k,0)dk]'™" [g(k, t)dk]"

= —kg(k, 0)' "g(k, t)"dk )

As can be seen, the terms dk divide out. However, the drawback
here is that the kinetics represented by Eq. 6 is too restrictive.
Equation 6 says that the reaction rate at any instant time ¢
depends on the reactant’s concentration at that instant as well as
at time zero (i.e., a memory effect). It also says that the initial
rate (t — 0) is always first order. This type of kinetics does not
appear to be representative of those encountered in practice. A
lumping procedure that does not require any changes or modifi-
cations to the form of traditional kinetics will be discussed
later.

There is yet another difficulty in using the conventional pro-
cedure: The kinetic behavior of the lump, in the absence of addi-
tional information (more on this in the final section), cannot be
uniquely defined by g(k, 0). Two very different feeds may have
the same g(k, 0). For example, one feed is made up of a large
number of reactant types with rate constants between k and k +
dk, but each of them has a low concentration. The other feed is
made up of a small number of reactant types but each of them
has a high concentration. These two lumps will react differently
(except in the case of first-order reactions where the extent of
reaction is independent of initial concentration). However, Eq. 4
tells us that they are kinetically identical; this difficulty origi-
nates from not considering the fact that the number of reactant
types per unit range of k can vary along the k axis, Figure 1.

Lumping in a Continuous Mixture: a More Flexible
Procedure

Our objective here is to numerically approximate Eq. 2, a sum
over reactant type 7, by an integral over reactivity k. This may be
viewed as a problem of coordinate transformation—from an “i
coordinate” toa “k coordinate.” With this in mind, our first step
of course is to consider the relationship between k; and i, which
holds the link between the discrete and the continuum descrip-
tions, Figure 2. Note that ¢;,(¢) and ¢(k, ¢) in Figure 2 generally
have different shapes, although they are in one-one correspon-
dence with each other.
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Figure 2. One-to-one mapping between a discrete and a
continuous mixture.

The i’s are equally spaced along the i axis (the reactant type is
uniformly distributed along the i axis), but the corresponding
k/’s are in general not equally spaced. (The distribution of the
reactant type along the k axis needs not be uniform.) The i-to-k
coordinate transformation therefore involves a change of local
scales. To do the transformation, we must know how an incre-
mental change in i is related to the corresponding incremental
change in k,. This can be determined from the reciprocal of the
local slope D of the &; vs. i “curve”

A i+ —i 1
D) =~ — LT 21 8
v S b VI ®)

Note that in this equation Ai = constant = 1.

Mathematically, D(k;) may be regarded as the Jacobian of
the i-to-k coordinate transformation. A large value of D(k))
means that the reaction mixture has lots of different types of
reactants with rate constants near k; (however large or small
their concentrations may be). Figure 3 shows an illustrative
example of a k, vs. i relation. The corresponding D(k,) vs. i and
D(k;) vs. k; relations are shown in Figures 4 and $, respectively.
In the region where the k; vs. i “curve” is convex (concave),
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Figure 3. Hypothetical relation between k, and i, k, > k;
fori>j.
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Figure 4. Dependence of D(k) on i corresponding to Fig-
ure 3.

D(k;) will increase (decrease) as k; increases. While D(k;) is
defined only at the discrete points of k;, it can be treated as a
continuous function of k as N approaches infinity. And D(k)dk
represents the number of species types with rate constants
between k and & + dk. The function D(k), therefore, is a spe-
cies-type distribution function and must satisfy the following
compatibility (or normalization) condition

1 (e
~ fo D(k) dk ~ 1 )

which says that the total number of reactant types is conserved.
If the reaction system in question has only one species, D
becomes the Dirac delta function. On the other hand, if the sys-
tem has an indefinitely large number of species, D is a continu-
ous function approximating a series of delta functions, so that
Eq. 9 is satisfied.
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Figure 5. Dependence of D(k) on k,corresponding to Fig-
ure 3.
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Corresponding to D(k), there is a continuum of concentration
c(k, t) defined “at a point k.” The properties of the continuous
mixture are thus characterized by %, ¢(k, t), and D(k), each of
which has a direct counterpart in the discrete case. In other
words, all the properties of the underlying discrete mixture are
preserved.

Having defined the Jacobian of the transformation, we can
write ¢ {(?)Ai = c(k;,t)D(k;)Ak; and propose the following
weighted integral to approximate the total reactant concentra-
tion in the underlying discrete mixture

c) ~ f * e(k, 1) D(k) dk (10)
0

As can be seen, the total reactant concentration is contributed
by both the “individual” concentrations—and the total number
of reactant types (cf. Eq. 2). For a given kinetics, C(?) is
uniquely determined by the two feed properties, ¢(k,0) and
D(k). Suppose that c(k, 0) = 1 for all k, then C(0) ~ N, which
is consistent with the underlying discrete mixture.

Numerically, D(k) is a weighting factor considering the fact
that the k;’s may not be equally spaced along the k axis. So when
Eq. 10 is discretized, the corresponding i’s are equally spaced
along the / axis, and a sum of equally weighted concentrations is
obtained, viz.

Eq. 10~ 2_ c(k, t) D(k) Ak,

N
i-

1
N

1
= X — Ak, =
gc,(z) A% Ok 2

N
ct) =Eq.2 (1)
=1
That is to say, the kinetic behavior of the lump remains invariant
under coordinate transformation (i to k and vice versa). We thus
establish the requirement of “coordinate invariance.”
The single-component identity can be easily established be-
cause D(k) takes care of the discreteness of the system. This
frees up c(k, t) which needs to satisfy only the system conserva-

tion/constitutive equations (in the conventional approach, all
the burden falls on g), as shown below

(1) ~ f“c(k, D)8k — k¥ dk = c(k*, 1) (12)
0

de(k*, t) . L% on
p = —k* c(k*, t)
t=0, clk* t)=c(k* 0) (13)

Equation 13, as it should be, does not contain the dk terms seen
in Eq. 5. Since the system conservation/constitutive equations
should remain invariant under coordinate change, Eq. 13 is also
a statement of “coordinate invariance.”

Alternatively, the whole of the foregoing can be put more con-
cisely as follows

dcC

dt

de(k, t)
dt

" (k) dk
(1]

- f * D(k) ke(k, t)" dk
(1]

[

- f” 3(k — k*) ke(k, 1) dk

—k*c(k*, 1) (14)
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Additional remarks on D

Basically, the presence of D(k) in Eq. 10 says that the inte-
gral (lumping) must be carried out in a manner consistent with
the inherent k — i relationship in the underlying discrete mix-
ture. D(k) has a well-defined physical meaning. It depends on
the reactant types in the feed, but is independent of the concen-
tration of each reactant type. (D is time-independent.) Take
HDN as an example. It two feeds contain two different sets of
nitrogen compounds, then these two feeds have different D func-
tions. One has to determine the D function for each feed.

Fortunately, in many practical situations, one often can rea-
sonably assume that a group of similar feedstocks (say virgin gas
oils) have the same nitrogen compound types. But the concen-
tration of each compound type varies from feedstock to feed-
stock. In this case, all the feedstocks in this group have a com-
mon D function [but different c(k, 0)].

As described early, D can be derived from the k; — i relation.
The latter can in principle be determined a priori from reaction
studies using model compounds. Experimentally, it is easier to
identify reactant types than to quantify reactant concentration.
So once D(k) is determined, it may be used to obtain c(k, 0) by
inverting Eq. 10. For first-order kinetics, one may follow the
eigenfunction method described by Ostrowsky et al. (1981).

The most practical approach is to choose known functions for
D(k) and c(k, 0) with adjustable parameters and fit the C(¢)
data to find the best parameter values. Analytically, one should
also try to get as much information as possible without knowing
¢(k,0) and D(k) a priori; this would invoke some kind of
asymptotic analysis.

D(k) is also useful for calculating other physical quantities of
a continuous mixture. For instance, if the mass of the species
with rate constant k is m(k), then the total mass M of the spe-
cies in the feed is

M- f‘“ m(k) D(k) dk (15)

Finally, let us mention some limiting shapes of D(k). Suppose
that there are only two types of reactants in the feed, then
D(k) = 8(k — ky) + 8(k — k,). Equation 10 reduces to that for
a discrete mixture having a fast-reacting (k) and a slow-react-
ing species (k,). A “two-k model” of this type has frequently
been used to describe hydroprocessing kinetics (for example,
Gates et al., 1979). Wei and Hung (1980) have compared this
model with second-order kinetics. The other limiting form is
D(k) = D = constant (e.g., a mean value). In this case the ks
are equally spaced along the k axis.

Applications of the New Lumping Procedure

We now use Eq. 10 to predict the disappearance rate of the
lump at large ¢ as well as at any 2.

Lumped kinetics at large t

If the feed has a nonzero amount of virtually unconvertible
species, we can obtain information on the long-time behavior of
the lump without a priori knowledge of ¢(k, 0) and D(k). Two
types of reactions are considered here: irreversible nth order and
reversible first order.
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Irreversible nth-ovder reactions

The concentration of reactant k in this case is

ek, 1) = c(k,0) [1 + (n — De(k, 0y 'k}/4-"  (16)

For n = 1, the above expression reduces to the usual exponential
form. The two cases n = 1 and n < 1, however, will have to be
considered separately.

n = 1. Substituting Eq. 16 into Eq. 10, we obtain

C(t) ~ fo ® ¢(k, 0) D(k)
[+ (1 = De(k, 0" 'ke]V0 " gk (17)

For large ¢, the integrand is appreciable only in a thin region
near k = 0. Suppose that ¢(k, 0) and D(k) do not vary consider-
ably over this region and that ¢(0, 0)D(0) # 0, the integral
asymptotically reduces to

C(t) ~ ¢(0, 0) D(0)
.f"“[1 + (n = 1)e(0, 0 k)" dk  (18)
0

For n < 2, the above equation can be analytically integrated
to give

0, 0)>"D(0
c@) zl[-———”( ) DX )} (19)
t 2—-n
Differentiation of Eq. 19 gives
ac 2—n c? (20)

dt " (0,0 D(0)

We thus obtain an asymptotic second-order reaction with a
lumped rate constant of (2 — 7)/D(0) ¢(0, 0)*"". As can be
seen, the behavior of the lump at large ¢ is governed by the
amount of the most refractory species, as might be expected
intuitively.

To investigate the case n = 2, one needs to assume the forms
of D(k) and c(k, 0) and perform the integration numerically.
Without proof, our conjecture is that an overall order higher
than two is plausible. Ozaki et al. (1976) have reported an over-
all order greater than two for hydrodesulfurization (HDS) of
residual oils under certain conditions.

n < I. Here we need to consider the phenomenon of “reactant
exhaustion.” At time ¢, all the species with k > «(¢) will have
completely been consumed, where «(t) is obtained by solving the
following equation

1=(1 — n)c(x(t),0)"'k(t) £ (#3))
and c(k, t) at this particular instant ¢ becomes
c(k,t)
_ c(k, O)[1 + (n — 1)c(k, 0)" k)07 k = «(1) 2)
0 k > «(r)

For large £ and ¢(0, 0} # 0, « is small and given approximately
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by

1
(1 —n)c(0,0)" ' ¢

k(t) = (23)

The total concentration of remaining species at large ¢ is then

C(t) ~ ¢(0, 0) D(0) f D11+ (1 - 1)e(0, 0" k] V0 dk
0

1 (c(0, 0)>" D(0)
=;{“"§T““] (24)

We thus obtain the same asymptotic second-order kinetics as in
the n = 1 case (Eq. 19). Since here n < 1, we note that the order
of the lumped kinetics exceeds that of the unlumped kinetics by
more than one.

The above analyses extend Krambeck’s (1984) theoretical
proof to continuous reaction mixtures whose components indi-
vidually react at an nth-order rate with n < 2. That is, as long as
the reaction mixture contains a nonzero amount of virtually
unreactive species, the lump will disappear asymptotically in a
second-order manner. In the next section we show that this con-
clusion can also be carried over to reversible first-order reaction
mixtures.

Reversible first-order reactions

An example of lumping reversible reactions is the hydrogena-
tion of aromatic compounds in oil refining (Wilson et al., 1985).
Consider the following reversible reaction system

ki
Aie—A, i=1,2...,N (25)
k
The corresponding mass balance equations are
de;(t . .
dg ). = (ki + ki) ¢(t) + ki[e(0) + Z(0)]
1=0, () =c(0) &) =2(0) (26)

where c,(t) and Z(z) are the concentrations of A4, and A, respec-
tively. The sum of ¢(¢) and &(¢) is a constant independent of
time.

Unlike the power law kinetics discussed early, here we are
dealing with a two-parameter system: Both k; and the equilib-
rium constant K(K; = k;/ k) may vary (nonlinearly) from spe-
cies to species. Without loss of generality, we arrange the
sequence of k; in such a way that k; > k; for i > j. Once this is
done, the sequence of K; is specified. In other words, K; bears a
fixed relation with #, and K; may not be greater than K| for i >

J.
The solution of Eq. 26 is

1
a(t) = T+ K [c/(0) + €(0)]
K;c(0) — &(0)
1 +K;

okl + 17Kt

(27

To approximate the above discrete system by a continuum, we
again choose k as the continuous, species-designating variable.
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The function D(k) is defined in the same way as before (Eq. 8).
The k; vs. i and K vs. i relations allow us to determine K; as a
function of k;. The lumping integral, Eq. 10, for this case can be
written as

C(t)zjo.w
+fo°°

in which the function K(k) must be such of a form to assure the
integrability of Eq. 28.

To treat the problem analytically, we consider the simple case
K(k) = K = constant. (i.e., species with similar K are lumped
together.) Equation 28 is then simplified to

D(k)
1+ K(k)
K(k) c(k, 0) — &(k, 0)

1 + K(k)

[c(k, 0) + &(k, 0)] dk

D(k)e—k[1+1/K(k)]t dk (28)

1 -
C(t) =~ T+ % [C0) + C(0)]

F f " [Ke(k, 0) — 2(k, 0)] e * /X D(kydk  (29)
1]

The asymptotic behavior of C(¢) for large ¢ can be found in
the same vein as before; that is, the exponential term in the
above integral is significant only when the product 4(1 + 1/K)z¢
is small, which corresponds to a thin region of small k. Hence,
for large ¢, we have

€ =~ = [C(O) + EO)]

1 K? 2(0,0) A
- 0) - =C*+- (30
+t(1+K)lc(0’) ]D(O) C*+- (30
where
1 ~
*=——[C(0) + C(0
C* = 1% [C0) + E(O)]
2 ¢(0,0)
= 0 (31)
A= K)z[ 0,0 - }9(0)
from which it readily follows that
Cl)y—C*ast—w (32)
and that
dc
e - *)2
n (C c*) (33)

As can be seen, the lump will disappear at a second-order rate to
an apparent “equilibrium concentration” C*. The driving force
for the reaction is the extent of the deviations from “equilibri-
um,” C — C*. In this sense we may say that the apparent behav-
ior of the lump looks like that of a reversible reaction. The “equi-
librium” constant for the lumped system is the same as that for
the unlumped system by virtue of the assumption K(k) = K.
With K — o, Eq. 30 reduces to Eq. 19 by setting n = 1 in Eq.
19.
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Lumped kinetics at all t: reversible first-order reactions

The investigation has so far been restricted to the limiting
case of large ¢ and ¢(0, 0)D(0) # 0. But to determine the
behavior of the lump at all 7 and to accommodate the case
¢(0, 0) D(0) = 0, we need to know a priori the shapes of c(k, 0)
and D(k). Consider the reversible first-order reaction system
discussed earlier. We suppose that no A’s are present at t = 0
(i.e., &(k,0) = 0) and that K(k) = K = constant. In light of
Aris’s development (1968), we let ¢(k, 0) and D(k) be described
by the following functions which are capable of representing a
wide variety of shapes.

c(k,0) =pkee
D(k) = g ke~ (34)

where p and g are normalization constants, and — 1 <a <« and
— 1 < 7 < . Then at any time ¢, Eq. 10 gives

C(0) C(0) 1\ ¢ |letntD
Ct)ym ——+ —=|1 + |1 + =] —— 35
® 1+K 1+1 K/g+¢ 3
K
in which C(0) is given by
(a +m)!
C(0) =pq B Lo (36)
Equation 35 implies that
dcC Uk 1\ C(0) |+
- 1+=) |C-—= 37
it (pg T'(¥)] +% L K (37)
where
a+n+2
p=a+qg+ 1, ‘yEm (38)

Again, we see that there exists an apparent “equilibrium”
concentration, C(0)/(1 + K). When either o or 7 is very large,
the overall order will be near unity. Whena =9 =0ora + 5=
0, the overall order will be two. Equation 37 also indicates that
the overall order becomes greater than two when o < 0 and n <
0. This corresponds to a feed in which the concentration of “un-
convertibles” is so large that the whole feed is virtually uncon-
vertible. While theoretically insightful, this situation is not of
much practical interest from the standpoint of catalyst develop-
ment: if a catalyst does nothing to the feed, it deserves no further
attention. As K approaches infinity, Eq. 37 reduces to that for
irreversible reactions, a problem treated by Aris (1968).

This example illustrates that the presence of D(k) does not
introduce additional analytical difficulties.

The results of the last two sections suggest that in practical
situations where the ultimate conversion level is the major con-
cern, one may want to lump together species with similar equi-
librium constants.

Practical Implications

Here we expand the discussions of Ho and Aris (1987} on pos-
sible implications of the above theoretical predictions for cata-
lyst evaluation and process research work.
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In catalyst exploratory studies, one normally screens a wide
variety of experimental catalysts with a standard feed. A cata-
lyst that does not activate certain refractory fraction of the feed
might well be evaluated by second-order kinetics after a long
time. But if the performance of the catalyst is improved (for
instance, by the incorporation of a more effective promoter) so
that there is no longer a refractory component, then an overall
order less than two would have to be used in evaluating the
improved catalyst. In process research work, one generally eval-
uates different feeds on a selected catalyst over a wide range of
conditions. The overall reaction order is expected to increase
when switching from an “easy” feed to a “hard” feed. The
extent of this increase could be viewed as an index of feed refrac-
toriness. Another expected situation is that the overall order will
increase with decreasing reaction severity.

Summarizing, the overall reaction order may be viewed as
reflecting the following: (1) whether or not the catalyst is active
enough to attack the “unconvertibles” or (2) Whether or not the
conditions are severe enough to activate the “unconvertibles.”
Thus, reaction order in general is expected to be a function of
feedstock composition and reaction conditions.

Let us now cite some experimental observations that seem to
be relevant to the above supposition. The kinetics of catalytic
cracking of gas oils are often reported to be second order (Ve-
nuto and Habib, 1978; Weekman, 1979). One could rationalize
this by the presence of denuded aromatics which are virtually
uncrackable (Gates et al., 1979). Sonnemans (1982) reported
that the overall HDS order increased from 1.5 to 2 when switch-
ing from a blend of light coker gas oil and virgin gas oil to a light
catalytic cracked oil (LCCO). The LCCO feed probably con-
tains some highly aromatic sulfur compounds. Beuther and
Schmid (1964) observed that HDS of petroleum resids followed
second-order kinetics. Sonnemans (1982) reported an order of
two for HDN of LCCO and an order of unity for HDN of virgin
gas oils. Heck and Stein (1977) found that HDN and hydro-
deoxygenation of coal liquids were best described by second-
order kinetics. Some of the nitrogen and oxygen compounds in
coal liquids are presumably very aromatic and therefore very
refractory (Ho, 1988). Finally, Ozaki et al. (1976) observed that
the overall HDS order increased with decreasing temperature.

More General Treatment

We now wish to generalize our lumping procedure to a
slightly more complex situation, with the purpose of putting our
procedure in broader perspective with the conventional proce-
dure. Let us consider the following multiparameter reaction sys-
tem

Lo ke, (39)

in which &, is a vector whose components are system kinetic
parameters other than k. Here one is faced with the problem of
what to choose as the continuous variable for labelling the reac-
tants. Suppose that a convenient label x can be found, which is a
positive real number. Then each of the system kinetic parame-
ters becomes a function of x. In the discrete case x takes on dis-
crete values (x, ..., X;. .., Xy), each of which corresponds to a

i

reactant type. Without loss of generality, we let x; > x; for i > j.
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The total reactant concentration in the discrete mixture is

N

@) = f {Z et x) 8(x — x))| dx

i=1

-3t x) (40)

Suppose further that we want to approximate the above par-
tial sum by an integral of the form
c@t) ~ [ g(x. 1) dx (41)
We next need to determine the function g(x, ¢). Equations 40
and 41 suggest that g is linearly related to c. For the moment let
us propose that
g(x, 1) = ve(x, t) (42)
where v is a constant. In light of Eq. 39, the equation for g to
satisfy is then

dg(x,t) 1

T —vk(x)r (v g(x, 1), x) (43)

- However, in order for Eq. 41 to approximate Eq. 40, the
sequence of numbers, x;, ..., X; ..., Xy, must be equally
spaced, as shown below.

@) ~ f gx, 1) dx = 3_ ve(x, 1A

= vAx Z c(x;, 1) (44)

And the constant v is chosen to cancel out Ax. If the x;’s are not
equally spaced, there is no way of making Eq. 41 a close approx-
imation to Eq. 40 unless one allows v to become a function of x.
It thus becomes apparent that there is a need to introduce an
x-dependent function D with the following property
D(x;) = 1/Ax; (45)
and that g needs to be decomposed into the product of c(x, ?)
and D(x), i.e.
g(x, 1) = D(x)e(x, 1) (46)
It can be seen from Eq. 45 that D is determined by relating a
sequence of unequally spaced numbers (Ax;) to another se-
quence of equally spaced numbers (7). This is precisely the key
to lumping continuous reactions discussed in the preceding sec-
tions. A special case is when all the x;’s are equally spaced. Then
D(x) becomes a constant. But the functions k(x) and u(x) will
have to be determined, which again involves the exercise of
relating a sequence of unequally spaced numbers (w;and k) toa
sequence of equally spaced numbers (x;).

With Egs. 45 and 46, one can readily show that Eq. 41
approximates Eq. 40 to any degree of accuracy as long as NV is
sufficiently large.

If one adopts Eq. 41 as the preferred lumping procedure, one
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then needs to determine g by solving the following equation

dg(x, t)
dt

= —D(x) k(x) r (% R x)

(47)

This equation is very different from Eq. 39. In order to solve it,
one has to determine D beforehand.
The alternative procedure consists of the following equations

0 et 1), x) (48)
dr
C) ~ [ e(x, ) D(x) dx (49)

Equation 48 has a direct discrete analog, Eq. 39. And Eq. 49, an
integral weighted with a reactant-type distribution function,
reduces to a sum of individual concentrations in the discrete
case. This procedure seems to be physically clear and is more
convenient to use.

In the case of linear kinetics, the D(x) terms will cancel out in
Eq. 47, thus obviating the need of finding D. Even in this case,
the discreteness of the system also indicates the need to decom-
pose g into the product of ¢{x, t) and D(x). Let r(c) = ¢, Eq. 47
has the same form as Eq. 39, i.e.,

dg(x,t
L ) (50)
t
Equation 41 becomes
c(t) ~ [ glx, 0)e ™" dx (51)

In order to establish the single-component identity, g(x, 0) must
be made equal to g(x, 0) = c(x, 0}D(x) = c(x, 0)6{(x — x*).

Finally, a few remarks may be in order on the assumption that
x; # x;for i # j. Suppose that in a mixture, there are J species
(J > 1) having exactly the same x values called x. Each of these
J species reacts according to the following equation

_ dcé(t’) —k® rc1), D,  j=1,2,...7

(52)

For linear kinetics we can simply add up ¢;(¢) and treat the sum
as the concentration of a single species of index X, viz.

J

(X, 1) = 2_ (1)

J=1

(53)

and c(Xx, t) satisfies the same equation as Eq. 52. For nonlinear
kinetics, one may handle the situation by “separating out these
J species; i.e., the concentration of the lump is written as

J
Ct) ~ f c(x, 1) D(x) dx + 3 /(1) (54)

where D(x) is determined in the absence of these J species.
Alternatively, one can abandon x as the label and use a dif-
ferent label. For instance, in the case of reversible reactions, one
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may use the equilibrium constants as the label if some species
have the same forward rate constants.

Conclusions

We have proposed a kinetic lumping procedure for continuous
reaction mixtures whose constituent reactants can undergo non-
linear reactions. The key to the procedure is the introduction of a
reactant-type distribution function which ties the continuous
mixture to the underlying discrete mixture. Mathematically, the
reactant-type distribution function may be viewed as the Jaco-
bian of the transformation from a discrete coordinate to a con-
tinuum coordinate. Several examples of practical interest have
been worked out to illustrate the use of the procedure. We jus-
tify theoretically that the high-order kinetics frequently ob-
served in the processing of complex hydrocarbon mixtures could
be interpreted as arising from the presence of some very refrac-
tory species.
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Notation

C(2) = total concentration of reactants at time ¢
C(0) = total concentration of reactant in the feed
C* — equilibrium concentration, Eq. 31
¢[t) = concentration of reactant of type i in the discrete mixture
c(k, t) = concentration of reactant with reactivity k in the continuous
mixture
c(k, 0) = concentration of reactant with reactivity & in the feed
D(k)dk = number of species types with rate constants in (k, k + dk)
D(k) = reactant-type distribution function, Eq. 10
D(x) = reactant-type distribution function, Eq. 46
D = mean value of D(k)
g = concentration distribution function
gdk = total concentration of species with rate constants in (k, k +
dk)
i, j = symbols designating reactants of types i and j
J = total number of species with identical x values
K, = equilibrium constant, defined as K; = k;/k;
k; = rate constant for reactant of type
k; = rate constant for backward reaction
_ k = rate constant used as a continuous variable
k, k = upper and lower limits of &
m(k)dk = total mass of species with rate constants in (k, k + dk)
M(k) = total mass of all reactants in the feed, Eq. 15
N = total number of reactant types
n = order of reaction
D, q = constants defined in Eq. 34
r = reaction rate defined in Eq. 39
t = time .
u = vector defined in Eq. 39
v = constant defined in Eq. 42
X = a positive real number used to label the reactants in multi-
parameter reaction systems.
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Greek letters

a, B = constants defined in Eq. 34
& = Dirac delta function
x = value of k beyond which reactants are completely exhausted,
Eq. 21
I' = Gamma function, Eq. 37
i, v = parameters defined in Eq. 38
A\ = parameter defined in Eq. 31
7, { = parameters defined in Eq. 34

Literature Cited

Aris, R. “Prolegomena to the Rational Analysis of Systems of Chemical
Reactions: II. Some Addenda,” Arch. Rat. Mech. Anal., 27, 356
(1968).

Aris, R., and G. R. Gavalas, “On the Theory of Reactions in Continuous
Mixtures,” Phil. Trans. Roy. Soc., A260, 351 (1966).

Beuther, H., and B. K. Schmid, “Reaction Mechanism and Rates in
Residua Hydrodesulfurization,” Proc. World Petrol. Cong., Sect. 111,
297 (1964).

Coxson, P. G., and K. B. Bischoff, “Lumping Strategy: I. Introductory
Techniques and Applications of Cluster Analysis,” Ind. Eng. Chem.
Res., 26, 1239 (1987).

DeDonder, Th., L' Affinite, Pt. 2, Ch. 3 Gauthler-Villars Paris (1931).

Gates, B. C., J. R. Katzer, and G. C. A. Schuit, “Chemistry of Catalytic
Processes,” McGraw Hill, New York (1979).

Heck, R. H,, and T. R. Stein, “Kinetics of Hydroprocessing Distillate
Coal Liquids,” ACS Symp. Ser., 22,948 (1977).

Ho, T. C., “Hydrodenitrogenation Catalysis,” Cat. Rev.—Sci. Eng., 30,
117 (1988).

Ho, T. C., and R. Aris, “On Apparent Second-Order Kinetics,” AIChE
J.. 33,1050 (1987).

Hutchinson, P., and D. Luss, “Lumping of Mixtures with Many Parallel
First-Order Reactions,” Chem. Eng. J., 1,129 (1970).

Krambeck, F. J., “Computers and Modern Analysis in Reactor Design,”
IChemE Symp. Ser., 87,733 (1984).

Krambeck, F. J., Letter to the Editor, AIChE J., 34, 877 (1988).

Ostrowsky, N., D. Sornette, P. Parker, and E. R. Pike, “Exponential
Sampling Method for Light Scattering Polydispersity Analysis,” Op-
tica Acta., 28, 1059 (1981).

Ozaki, H., Y. Satomi, and T. Hisamitsu, “The Kinetics and Economics
of Hydrodesulphurising Residual Fuel Oils,” Proc. World Pet. Cong.,
6, PD 18(4), 97 (1976).

Smith, C. M., and C. N. Satterfield, “Some Aspects of Vapor-Liquid
Flow Ratio on Performance of a Trickle-Bed Reactor,” Chem. Eng.
Sci., 41, 839 (1986).

Sonnemans, J. W. M., “Hydrotreating of Cracked Feedstocks,” Ketjen
Cat. Symp. (1982).

Venuto, P. B., and E. T. Habib, “Catalyst-Feedstock-Engineering Inter-
actions in Fluid Catalytic Cracking,” Cat. Rev.—Sci. Eng., 18,
(1978).

Weekman, Jr., V. W., “Lumps, Models, and Kinetics in Practice,”
AIChE Monog. Ser., 75(11) (1979).

Wei, J., and C. W. Hung, “Differentiating between Two First~-Order
Reactions and a Single Second-Order Reaction,” Ind. Eng. Chem.,
Proc. Des. Dev., 19, 197 (1980).

Wilson, M. F., I. P. Fisher, and J. F. Kriz, “Hydrogenation of Aromatic
Compounds in Synthetic Crude Distillate Catalyzed by Sulfided Ni-
W/ALO,,” J. Cat., 95, 155 (1985).

Manuscript received Dec. 7, 1987, and revision received Apr. 11, 1988.

Vol. 34, No. 9 1527



